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1 Fixed-Point Concepts

Fixed-Point Data Types

1-2

In digital hardware, numbers are stored in binary words. A binary word is a fixed-length
sequence of bits (1's and 0's). How hardware components or software functions interpret
this sequence of 1's and 0's is defined by the data type.

Binary numbers are represented as either fixed-point or floating-point data types. This
chapter discusses many terms and concepts relating to fixed-point numbers, data types,
and mathematics.

A fixed-point data type is characterized by the word length in bits, the position of the
binary point, and whether it is signed or unsigned. The position of the binary point is the
means by which fixed-point values are scaled and interpreted.

For example, a binary representation of a generalized fixed-point number (either signed
or unsigned) is shown below:

bui-1 | buig bs | by | bg | bo | b1 | Bo

MSB I LSB
binary point

where

+ b;is the i*" binary digit.

*  wl is the word length in bits.

*  b,.;1s the location of the most significant, or highest, bit (MSB).
* by 1s the location of the least significant, or lowest, bit (LSB).

* The binary point is shown four places to the left of the LSB. In this example,
therefore, the number is said to have four fractional bits, or a fraction length of four.

Fixed-point data types can be either signed or unsigned. Signed binary fixed-point
numbers are typically represented in one of three ways:

+ Sign/magnitude

*  One's complement

+ Two's complement



Fixed-Point Data Types

Two's complement is the most common representation of signed fixed-point numbers and
is the only representation used by Fixed-Point Designer documentation.
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Scaling

Fixed-point numbers can be encoded according to the scheme

real-world value = (slope Xinteger ) + bias

where the slope can be expressed as

slope = slope adjustment factor x 2{1ed exponent

The integer is sometimes called the stored integer. This is the raw binary number, in
which the binary point assumed to be at the far right of the word. In Fixed-Point
Designer documentation, the negative of the fixed exponent is often referred to as the
fraction length.

The slope and bias together represent the scaling of the fixed-point number. In a number
with zero bias, only the slope affects the scaling. A fixed-point number that is only scaled
by binary point position is equivalent to a number in [Slope Bias] representation that has
a bias equal to zero and a slope adjustment factor equal to one. This is referred to as
binary point-only scaling or power-of-two scaling:

fixed exponent
) p

real-world value = Xinteger

or

real-world value = 2-raction length o 5006

Fixed-Point Designer software supports both binary point-only scaling and [Slope Bias]
scaling.

Note For examples of binary point-only scaling, see the Fixed-Point Designer Binary-
Point Scaling example.

For an example of how to compute slope and bias in MATLAB®, see “Compute Slope and
Bias” on page 1-5



matlab: showdemo('fiscalingdemo')
matlab: showdemo('fiscalingdemo')

Compute Slope and Bias

Compute Slope and Bias

In this section...

“What Is Slope Bias Scaling?” on page 1-5
“Compute Slope and Bias” on page 1-5

What Is Slope Bias Scaling?

With slope bias scaling, you must specify the slope and bias of a number. The real-world
value of a slope bias scaled number can be represented by:

real-world value = (slopexXinteger)+ bias

slope = slope adjustment factorx 2/xed exponent

Compute Slope and Bias

Start with the endpoints that you want, signedness, and word length.

lower bound = 999;
upper bound = 1000;
is_signed = true;
word length = 16;

To find the range of a £i object with a specified word length and signedness, use the
range function.

[Q min, Q max] = range(fi([], is_signed, word length, 0));
To find the slope and bias, solve the system of equations:
lower bound = slope * Q min + bias
upper bound = slope * Q max + bias
Rewrite these equations in matrix form.
lower bound Q min 1| |slope
upper bound Q max 1 bias
Solve for the slope and bias.

1-5
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A = double ([Q min, 1; Q max, 1]);

b double ([lower bound; upper bound]);
x = A\b;

format long g

To find the slope, or precision, call the first element of the slope-bias vector, x.

slope = x (1)

slope =
1.52590218966964e-05

To find the bias, call the second element of vector x.

bias x(2)

bias =
999.500007629511

Create a numerictype object with slope bias scaling.

T

numerictype (is_signed, word length, slope, bias)

T =

DataTypeMode: Fixed-point: slope and bias scaling
Signedness: Signed
WordLength: 16
Slope: 1.5259021896696368e-5
Bias: 999.500007629511

Create a £1 object with numerictype T.
a = £i1(999.255, T)
a =
999.254993514916
DataTypeMode: Fixed-point: slope and bias scaling

Signedness: Signed
WordLength: 16

1-6



Compute Slope and Bias

Slope:
Bias:

1.5259021896696368e-5
999.500007629511

Verify that the £i object that you created has the correct specifications by finding the

range of a.
range (a)
ans =
999 1000
DataTypeMode:
Signedness:
WordLength:
Slope:
Bias:

Fixed-point: slope and bias scaling
Signed

16

1.5259021896696368e-5
999.500007629511

1-7
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Precision and Range

In this section...

“Range” on page 1-8

“Precision” on page 1-9

Note You must pay attention to the precision and range of the fixed-point data types and
scalings you choose in order to know whether rounding methods will be invoked or if
overflows or underflows will occur.

Range
The range is the span of numbers that a fixed-point data type and scaling can represent.
The range of representable numbers for a two's complement fixed-point number of word
length wi, scaling S and bias B is illustrated below:
S-(-2"")+B B S-(2¢'-1)+B
| | |
|

|
negative numbers positive numbers

For both signed and unsigned fixed-point numbers of any data type, the number of
different bit patterns is 2%%.

For example, in two's complement, negative numbers must be represented as well as
zero, so the maximum value is 2%/'* — 1. Because there is only one representation for
zero, there are an unequal number of positive and negative numbers. This means there is
a representation for —2"/~! but not for 2"/ 7':

For slope = 1 and bias = 0:

_2wl—1 0 2wl—1 1

negative numbers positive numbers
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Overflow Handling

Because a fixed-point data type represents numbers within a finite range, overflows and
underflows can occur if the result of an operation is larger or smaller than the numbers
in that range.

Fixed-Point Designer software allows you to either saturate or wrap overflows.
Saturation represents positive overflows as the largest positive number in the range
being used, and negative overflows as the largest negative number in the range being
used. Wrapping uses modulo arithmetic to cast an overflow back into the representable
range of the data type.

When you create a £i object, any overflows are saturated. The OverflowAction
property of the default fimath is saturate. You can log overflows and underflows by
setting the LoggingMode property of the fipref object to on. Refer to “LoggingMode”
for more information.

Precision

The precision of a fixed-point number is the difference between successive values
representable by its data type and scaling, which is equal to the value of its least
significant bit. The value of the least significant bit, and therefore the precision of the
number, is determined by the number of fractional bits. A fixed-point value can be
represented to within half of the precision of its data type and scaling.

For example, a fixed-point representation with four bits to the right of the binary point
has a precision of 24 or 0.0625, which is the value of its least significant bit. Any number
within the range of this data type and scaling can be represented to within (24)/2 or
0.03125, which is half the precision. This is an example of representing a number with
finite precision.

Rounding Methods

When you represent numbers with finite precision, not every number in the available
range can be represented exactly. If a number cannot be represented exactly by the
specified data type and scaling, a rounding method is used to cast the value to a
representable number. Although precision is always lost in the rounding operation, the
cost of the operation and the amount of bias that is introduced depends on the rounding
method itself. To provide you with greater flexibility in the trade-off between cost and
bias, Fixed-Point Designer software currently supports the following rounding methods:

1-9
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Ceiling rounds to the closest representable number in the direction of positive
infinity.

Convergent rounds to the closest representable number. In the case of a tie,
convergent rounds to the nearest even number. This is the least biased rounding
method provided by the toolbox.

Zero rounds to the closest representable number in the direction of zero.

Floor, which is equivalent to two's complement truncation, rounds to the closest
representable number in the direction of negative infinity.

Nearest rounds to the closest representable number. In the case of a tie, nearest
rounds to the closest representable number in the direction of positive infinity. This
rounding method is the default for £i object creation and £i arithmetic.

Round rounds to the closest representable number. In the case of a tie, the round
method rounds:

+ Positive numbers to the closest representable number in the direction of positive
infinity.
Negative numbers to the closest representable number in the direction of negative
infinity.

Choosing a Rounding Method

Each rounding method has a set of inherent properties. Depending on the requirements
of your design, these properties could make the rounding method more or less desirable
to you. By knowing the requirements of your design and understanding the properties of
each rounding method, you can determine which is the best fit for your needs. The most
important properties to consider are:

Cost — Independent of the hardware being used, how much processing expense does
the rounding method require?

Low — The method requires few processing cycles.
* Moderate — The method requires a moderate number of processing cycles.

+ High — The method requires more processing cycles.

Note The cost estimates provided here are hardware independent. Some processors
have rounding modes built-in, so consider carefully the hardware you are using before
calculating the true cost of each rounding mode.




Precision and Range

* Bias — What is the expected value of the rounded values minus the original values:

E(6-06)?
E(é - 9) < 0 — The rounding method introduces a negative bias.

E(é - 9) =0 — The rounding method is unbiased.

E(é - 9) >0 — The rounding method introduces a positive bias.
*  Possibility of Overflow — Does the rounding method introduce the possibility of
overflow?
Yes — The rounded values may exceed the minimum or maximum representable
value.

* No — The rounded values will never exceed the minimum or maximum
representable value.

The following table shows a comparison of the different rounding methods available in
the Fixed-Point Designer product.

Fixed-Point Designer Cost Bias Possibility of
Rounding Mode Overflow
Ceiling Low Large positive Yes
Convergent High Unbiased Yes
Zero Low + Large positive for negative  |No

samples

+  Unbiased for samples with
evenly distributed positive
and negative values

+ Large negative for positive

samples
Floor Low Large negative No
Nearest Moderate Small positive Yes

1-11
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Round High *  Small negative for negative |Yes
samples
*  Unbiased for samples with
evenly distributed positive
and negative values
*  Small positive for positive
samples
Simplest Low Depends on the operation No
(Simulink® only)

1-12
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Arithmetic Operations

In this section...

“Modulo Arithmetic” on page 1-13
“Two's Complement” on page 1-14
“Addition and Subtraction” on page 1-15

“Multiplication” on page 1-16

“Casts” on page 1-22

Note These sections will help you understand what data type and scaling choices result
in overflows or a loss of precision.

Modulo Arithmetic

Binary math is based on modulo arithmetic. Modulo arithmetic uses only a finite set of
numbers, wrapping the results of any calculations that fall outside the given set back
into the set.

For example, the common everyday clock uses modulo 12 arithmetic. Numbers in this
system can only be 1 through 12. Therefore, in the “clock” system, 9 plus 9 equals 6. This
can be more easily visualized as a number circle:

1-13
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9.. ... plus 9 more ...

... equals 6.

Similarly, binary math can only use the numbers 0 and 1, and any arithmetic results
that fall outside this range are wrapped “around the circle” to either O or 1.

Two's Complement

Two's complement is a way to interpret a binary number. In two's complement, positive
numbers always start with a 0 and negative numbers always start with a 1. If the
leading bit of a two's complement number is 0, the value is obtained by calculating the
standard binary value of the number. If the leading bit of a two's complement number is
1, the value is obtained by assuming that the leftmost bit is negative, and then
calculating the binary value of the number. For example,

01=0+2% =1
1= ((—2‘)+(20)) —(2+1) =1

To compute the negative of a binary number using two's complement,

1 Take the one's complement, or “flip the bits.”
2 Add a 27(-FL) using binary math, where FL is the fraction length.
3 Discard any bits carried beyond the original word length.
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For example, consider taking the negative of 11010 (-6). First, take the one's complement
of the number, or flip the bits:
11010 — 00101

Next, add a 1, wrapping all numbers to O or 1:

00101
+1

00110 (6)

Addition and Subtraction

The addition of fixed-point numbers requires that the binary points of the addends be
aligned. The addition is then performed using binary arithmetic so that no number other
than 0 or 1 is used.

For example, consider the addition of 010010.1 (18.5) with 0110.110 (6.75):

010010.1 8.5
+0110.110  (6.75)

011001.010 (25.25)

Fixed-point subtraction is equivalent to adding while using the two's complement value
for any negative values. In subtraction, the addends must be sign-extended to match
each other's length. For example, consider subtracting 0110.110 (6.75) from 010010.1
(18.5):
010010.100 (18.5)

-0110.110 (6.75)

The default fimath has a value of 1 (true) for the CastBeforeSum property. This casts
addends to the sum data type before addition. Therefore, no further shifting is necessary
during the addition to line up the binary points.

If castBeforeSum has a value of 0 (false), the addends are added with full precision
maintained. After the addition the sum is then quantized.
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Multiplication

The multiplication of two's complement fixed-point numbers is directly analogous to
regular decimal multiplication, with the exception that the intermediate results must be
sign-extended so that their left sides align before you add them together.

For example, consider the multiplication of 10.11 (-1.25) with 011 (3):
10.11 (—1.25)

The extro 1 011 (3)
is the result ufxl 1011
Necessary sign

Extension. 1011

1100.01 (-3.75)

\

The number of froctional bits of the
result is the sum of the number of
fructional bits of the foctors.

Multiplication Data Types

The following diagrams show the data types used for fixed-point multiplication using
Fixed-Point Designer software. The diagrams illustrate the differences between the data
types used for real-real, complex-real, and complex-complex multiplication.

Real-Real Multiplication
The following diagram shows the data types used by the toolbox in the multiplication of

two real numbers. The software returns the output of this operation in the product data
type, which is governed by the fimath object ProductMode property.

Input a Product

data type data type
MULTIPLIER ,

—# ac

Input ¢

data type
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Real-Complex Multiplication

The following diagram shows the data types used by the toolbox in the multiplication of a
real and a complex fixed-point number. Real-complex and complex-real multiplication are
equivalent. The software returns the output of this operation in the product data type,
which is governed by the fimath object ProductMode property:

Input a
data type a
» ac
; MULTIPLIER }— Product
data
: WPE:HEH\_ ac+adi
_F/_
Input c+di »{Im
c
m = - MULTIPLIER
S ——» ad

d

Complex-Complex Multiplication

The following diagram shows the multiplication of two complex fixed-point numbers. The
software returns the output of this operation in the sum data type, which is governed by
the fimath object SumMode property. The intermediate product data type is determined

by the fimath object ProductMode property.
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Product
data type
Imput
- g a fac-bd)
data type Re . )
—'<| b | MULTIPLIER <, | * cxst ‘|+ odebol
m [ ' i )
—‘ -~ - - -\”| SUBTRACTOR |** bd
|
b'; . CAST |
MULTIPLIER ]
d’ bd Sum or Product Re =~ _ AR
data type' Im —"
a, ad - ___
MULTIPLIER N CAST :
“_'T— !
¢ | ----- ' ADDER
ot S | ad+he
c+di b | CAST
datatype [ _—Re |- .:‘ MULTIPLIER [, | = - - - AS
e
S Im data type
a Product
data type

1 Sum data type if CastBeforeSum is true,
Product data type if CastBeforeSum is false

When the fimath object CastBeforeSum property is true, the casts to the sum data

type are present after the multipliers in the preceding diagram. In C code, this is
equivalent to

acc=ac;
acc-=bd;

for the subtractor, and

acc=ad;
acct+=bc;

for the adder, where acc is the accumulator. When the CastBeforeSum property is

false, the casts are not present, and the data remains in the product data type before
the subtraction and addition operations.
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Multiplication with fimath

In the following examples, let

F = fimath('ProductMode', 'FullPrecision', ...
'SumMode"', 'FullPrecision');

Tl = numerictype ('WordLength', 24, 'FractionLength',20);
T2 = numerictype ('WordLength',16, 'FractionLength',10);

Real*Real

Notice that the word length and fraction length of the result z are equal to the sum of the
word lengths and fraction lengths, respectively, of the multiplicands. This is because the
fimath SumMode and ProductMode properties are set to FullPrecision:

P = fipref;
.FimathDisplay = 'none';
x = fi(5, T1, F)

]

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 24
FractionLength: 20

y = fi(10, T2, F)

y =
10
DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 10
z = XXy
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50
DataTypeMode:
Signedness:
WordLength:
FractionLength:
Real*Complex

Fixed-point: binary point scaling
Signed

40

30

Notice that the word length and fraction length of the result z are equal to the sum of the
word lengths and fraction lengths, respectively, of the multiplicands. This is because the
fimath SumMode and ProductMode properties are set to FullPrecision:

X

= f£fi(5,T1,F)
5
DataTypeMode:
Signedness:
WordLength:
FractionLength:

= fi(10+21i,T2,F)

10.0000 + 2.00001

DataTypeMode:
Signedness:
WordLength:

FractionLength:

= X*y

50.0000 +10.00001

Fixed-point: binary point scaling
Signed

24

20

Fixed-point: binary point scaling
Signed

16

10
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DataTypeMode:
Signedness:
WordLength:

FractionLength:

Complex*Complex

Fixed-point: binary point scaling
Signed

40

30

Complex-complex multiplication involves an addition as well as multiplication. As a
result, the word length of the full-precision result has one more bit than the sum of the
word lengths of the multiplicands:

x = fi(5+61i,T1,F)

5.0000 + 6.00001

DataTypeMode:
Signedness:
WordLength:

FractionLength:

y = £i(10+421i,T2,F)

y =
10.0000 + 2.00001
DataTypeMode:
Signedness:
WordLength:
FractionLength:
z = XXy

38.0000 +70.00001

DataTypeMode:
Signedness:

Fixed-point: binary point scaling
Signed

24

20

Fixed-point: binary point scaling
Signed

16

10

Fixed-point: binary point scaling
Signed
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WordLength: 41
FractionLength: 30

Casts

The fimath object allows you to specify the data type and scaling of intermediate sums
and products with the SumMode and ProductMode properties. It is important to keep in
mind the ramifications of each cast when you set the SumMode and ProductMode
properties. Depending upon the data types you select, overflow and/or rounding might
occur. The following two examples demonstrate cases where overflow and rounding can
occur.

Note For more examples of casting, see “Cast fi Objects” on page 2-12.

Casting from a Shorter Data Type to a Longer Data Type

Consider the cast of a nonzero number, represented by a 4-bit data type with two
fractional bits, to an 8-bit data type with seven fractional bits:

C T J T 1

source The source bits must be shifted up to match the
binary point position of the destination data type.

L o 1 1 T [ | [ |

destination

Tt
e -

This bit from the source data

type “falls off” the high end with
the shift up. Overflow might occur.
The result will saturate or wrap.

These bits of the destination
data type are padded with
O'sor1’s.

As the diagram shows, the source bits are shifted up so that the binary point matches the
destination binary point position. The highest source bit does not fit, so overflow might
occur and the result can saturate or wrap. The empty bits at the low end of the
destination data type are padded with either 0's or 1's:
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+ If overflow does not occur, the empty bits are padded with 0's.
+ If wrapping occurs, the empty bits are padded with 0's.

+ If saturation occurs,

+ The empty bits of a positive number are padded with 1's.

The empty bits of a negative number are padded with O's.

You can see that even with a cast from a shorter data type to a longer data type, overflow
can still occur. This can happen when the integer length of the source data type (in this
case two) is longer than the integer length of the destination data type (in this case one).
Similarly, rounding might be necessary even when casting from a shorter data type to a
longer data type, if the destination data type and scaling has fewer fractional bits than

the source.
Casting from a Longer Data Type to a Shorter Data Type

Consider the cast of a nonzero number, represented by an 8-bit data type with seven
fractional bits, to a 4-bit data type with two fractional bits:

L o 1 1 T [ [ [ |

source \ The source bits must be shifted down to match the

binary point position of the destination data type.

C T3 T 1

destination
| | r— T -T~-T~T™1
_ l N R [N S E
These bits from the source
) o do not fit into the destination
There is no value for this bit data type. The result is rounded.
from the source, so the result

must be sign-extended to fill
the destination data type.

As the diagram shows, the source bits are shifted down so that the binary point matches
the destination binary point position. There is no value for the highest bit from the
source, so sign extension is used to fill the integer portion of the destination data type.
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The bottom five bits of the source do not fit into the fraction length of the destination.
Therefore, precision can be lost as the result is rounded.

In this case, even though the cast is from a longer data type to a shorter data type, all the
integer bits are maintained. Conversely, full precision can be maintained even if you cast
to a shorter data type, as long as the fraction length of the destination data type is the
same length or longer than the fraction length of the source data type. In that case,
however, bits are lost from the high end of the result and overflow can occur.

The worst case occurs when both the integer length and the fraction length of the
destination data type are shorter than those of the source data type and scaling. In that
case, both overflow and a loss of precision can occur.
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fi Objects and C Integer Data Types

In this section...

“Integer Data Types” on page 1-25
“Unary Conversions” on page 1-26

“Binary Conversions” on page 1-28

“Overflow Handling” on page 1-30

Note The sections in this topic compare the £i object with fixed-point data types and
operations in C. In these sections, the information on ANSI® C is adapted from Samuel
P. Harbison and Guy L. Steele Jr., C: A Reference Manual, 3rd ed., Prentice Hall, 1991.

Integer Data Types

This section compares the numerical range of fi integer data types to the minimum
numerical range of C integer data types, assuming a “T'wo's Complement” on page 1-14
representation.

C Integer Data Types

Many C compilers support a two's complement representation of signed integer data
types. The following table shows the minimum ranges of C integer data types using a
two's complement representation. The integer ranges can be larger than or equal to the
ranges shown, but cannot be smaller. The range of a 1ong must be larger than or equal
to the range of an int, which must be larger than or equal to the range of a short.

In the two's complement representation, a signed integer with n bits has a range from

L T | , inclusive. An unsigned integer with n bits has a range from 0 to 2" -1,
inclusive. The negative side of the range has one more value than the positive side, and
zero 1s represented uniquely.

Integer Type Minimum Maximum
signed char -128 127
unsigned char 0 255
short int —-32,768 32,767
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Integer Type Minimum Maximum
unsigned short 0 65,535
int —32,768 32,767
unsigned int 0 65,535

long int

_2,147,483,648

2,147,483,647

unsigned long

0

4,294,967,295

fi Integer Data Types

The following table lists the numerical ranges of the integer data types of the f£i object,
in particular those equivalent to the C integer data types. The ranges are large enough to
accommodate the two's complement representation, which is the only signed binary

encoding technique supported by Fixed-Point Designer software.
Constructor Signed eI Ao Minimum Maximum Closes_t AR
Length | Length Equivalent
n
fi(x,1,n,0) Yes (2 to 0 -1 o=l 4 Not applicable
65,535)
n
fi(x,0,n,0) No (2 to 0 0 M _q Not applicable
65,535)
fi (XI 1/ 8/ O) Yes 8 —128 127 Signed char
fi(x,0,8,0) No 8 0 255 unsigned char
fi(x,1,16,0) Yes 16 -32,768 32,767 short int
fi(x,0,16,0) No 16 0 0 65,535 unsigned
short
fi(x,1,32,0) Yes 32 —2,147,483,648 | 2,147,483,647 long int
fi(x,0,32,0) No 32 0 4,294,967,295 |unsigned long

Unary Conversions

Unary conversions dictate whether and how a single operand is converted before an
operation is performed. This section discusses unary conversions in ANSI C and of fi

objects.
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ANSI C Usual Unary Conversions

Unary conversions in ANSI C are automatically applied to the operands of the unary !,
—, ~, and * operators, and of the binary << and >> operators, according to the following

table:
Original Operand Type ANSI C Conversion
char or short int
unsigned char or unsigned short int or unsigned int!
float float
Array of T Pointer to T
Function returning T Pointer to function returning T

If type int cannot represent all the values of the original data type without overflow,
the converted type is unsigned int.

fi Usual Unary Conversions

The following table shows the f£i unary conversions:

C Operator fi Equivalent fi Conversion

I'x ~xX = not (x) Result is 1ogical.

~5 bitcmp (x) Result is same numeric type as operand.

*x No equivalent Not applicable

x<<n bitshift (x,n) Result is same numeric type as operand. Round mode is
positive n always floor. Overflow mode is obeyed. 0-valued bits

are shifted in on the right.

x>>n bitshift (x,-n) Result is same numeric type as operand. Round mode is
always floor. Overflow mode is obeyed. 0-valued bits
are shifted in on the left if the operand is unsigned or
signed and positive. 1-valued bits are shifted in on the
left if the operand is signed and negative.

+x +x Result is same numeric type as operand.
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C Operator

fi Equivalent fi Conversion

—X

-x Result is same numeric type as operand. Overflow mode
1s obeyed. For example, overflow might occur when you
negate an unsigned fi or the most negative value of a
signed fi.

Binary Conversions

This section describes the conversions that occur when the operands of a binary operator
are different data types.

ANSI C Usual Binary Conversions

In ANSI C, operands of a binary operator must be of the same type. If they are different,
one is converted to the type of the other according to the first applicable conversion in the
following table:

Type of One Operand Type of Other Operand ANSI C Conversion

long double Any long double

double Any double

float Any float

unsigned long Any unsigned long

long unsigned long or unsigned long!
long int long

unsigned int or unsigned unsigned

int int int

IType long is only used if it can represent all values of type unsigned.

1-28

fi Usual Binary Conversions

When one of the operands of a binary operator (+, —, *, .*) 1s a £i object and the other is
a MATLAB built-in numeric type, then the non-fi operand is converted to a £i object
before the operation is performed, according to the following table:
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Type of One | Type of Other Properties of Other Operand After Conversion to a fi Object
Operand Operand
fi double or Signed = same as the original fi operand
STEHE WordLength = same as the original £i operand
FractionLength = set to best precision possible
fi int8 Signed=1
WordLength =8
FractionLength =0
fi uint8 Signed =0
WordLength = 8
FractionLength =0
fi intlé Signed=1
WordLength =16
FractionLength =0
fi uintlé6 Signed =0
WordLength =16
FractionLength =0
fi int32 Signed=1
WordLength = 32
FractionLength =0
fi uint32 Signed=20
WordLength = 32
FractionLength =0
fi int64 Signed=1

WordLength = 64
FractionLength =0
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Type of One | Type of Other Properties of Other Operand After Conversion to a fi Object

Operand

Operand

fi

uint64 * Signed=0
* WordLength = 64

* FractionLength =20

Overflow Handling

The following sections compare how ANSI C and Fixed-Point Designer software handle
overflows.

ANSI C Overflow Handling

In ANSI C, the result of signed integer operations is whatever value is produced by the
machine instruction used to implement the operation. Therefore, ANSI C has no rules for
handling signed integer overflow.

The results of unsigned integer overflows wrap in ANSI C.
fi Overflow Handling

Addition and multiplication with fi objects yield results that can be exactly represented
by a fi object, up to word lengths of 65,535 bits or the available memory on your
machine. This is not true of division, however, because many ratios result in infinite
binary expressions. You can perform division with fi objects using the divide function,
which requires you to explicitly specify the numeric type of the result.

The conditions under which a fi object overflows and the results then produced are
determined by the associated fimath object. You can specify certain overflow
characteristics separately for sums (including differences) and products. Refer to the
following table:

fimath Object Properties Property Value Description

Related to Overflow Handling

OverflowAction 'saturate' Overflows are saturated to the maximum or

minimum value in the range.

'wrap' Overflows wrap using modulo arithmetic if
unsigned, two's complement wrap if signed.
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fimath Object Properties
Related to Overflow Handling

Property Value

Description

ProductMode

'FullPrecision'

Full-precision results are kept. Overflow
does not occur. An error is thrown if the
resulting word length is greater than
MaxProductWordLength.

The rules for computing the resulting
product word and fraction lengths are given
in “fimath Object Properties” on page 4-5

in the Property Reference.

'KeepLSB'

The least significant bits of the product are
kept. Full precision is kept, but overflow is
possible. This behavior models the C
language integer operations.

The ProductWordLength property
determines the resulting word length. If
ProductWordLength is greater than is
necessary for the full-precision product, then
the result is stored in the least significant
bits. If ProductWordLength is less than is
necessary for the full-precision product, then
overflow occurs.

The rule for computing the resulting product
fraction length is given in “fimath Object
Properties” on page 4-5 in the Property
Reference.
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fimath Object Properties
Related to Overflow Handling

Property Value

Description

'KeepMSB'

The most significant bits of the product are
kept. Overflow is prevented, but precision
may be lost.

The ProductWordLength property
determines the resulting word length. If
ProductWordLength is greater than is
necessary for the full-precision product, then
the result is stored in the most significant
bits. If ProductWordLength is less than is
necessary for the full-precision product, then
rounding occurs.

The rule for computing the resulting product
fraction length is given in “fimath Object
Properties” on page 4-5 in the Property
Reference.

'SpecifyPrecision

You can specify both the word length and
the fraction length of the resulting product.

ProductWordLength

Positive integer

The word length of product results when
ProductMode 1s 'KeepLSB', 'KeepMSB', or
'SpecifyPrecision’.

MaxProductWordLength

Positive integer

The maximum product word length allowed
when ProductMode is 'FullPrecision’.
The default is 65,535 bits. This property can
help ensure that your simulation does not
exceed your hardware requirements.

ProductFractionLength

Integer

The fraction length of product results when
ProductMode is 'Specify Precision'.
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fimath Object Properties
Related to Overflow Handling

Property Value

Description

SumMode

'FullPrecision'

Full-precision results are kept. Overflow
does not occur. An error is thrown if the
resulting word length is greater than
MaxSumWordLength.

The rules for computing the resulting sum
word and fraction lengths are given in
“fimath Object Properties” on page 4-5 in
the Property Reference.

'KeepLSB'

The least significant bits of the sum are
kept. Full precision is kept, but overflow is
possible. This behavior models the C
language integer operations.

The SumWordLength property determines
the resulting word length. If
SumWordLength is greater than is necessary
for the full-precision sum, then the result is
stored in the least significant bits. If
SumWordLength is less than is necessary for
the full-precision sum, then overflow occurs.

The rule for computing the resulting sum
fraction length is given in “fimath Object
Properties” on page 4-5 in the Property
Reference.
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fimath Object Properties
Related to Overflow Handling

Property Value

Description

'KeepMSB'

The most significant bits of the sum are
kept. Overflow is prevented, but precision
may be lost.

The SumWordLength property determines
the resulting word length. If
SumWordLength is greater than is necessary
for the full-precision sum, then the result is
stored in the most significant bits. If
SumWordLength is less than is necessary for
the full-precision sum, then rounding occurs.

The rule for computing the resulting sum
fraction length is given in “fimath Object
Properties” on page 4-5 in the Property
Reference.

'SpecifyPrecision

You can specify both the word length and
the fraction length of the resulting sum.

SumWordLength

Positive integer

The word length of sum results when
SumMode 1s 'KeepLSB', 'KeepMSB', or
'SpecifyPrecision’.

MaxSumWordLength

Positive integer

The maximum sum word length allowed
when SumMode 1s 'FullPrecision'. The
default is 65,535 bits. This property can help
ensure that your simulation does not exceed
your hardware requirements.

SumFractionLength

Integer

The fraction length of sum results when
SumMode is 'SpecifyPrecision’.
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+ “Ways to Construct fi Objects” on page 2-2
+ “Cast fi Objects” on page 2-12

+  “fi Object Properties” on page 2-18

+ “fi Object Functions” on page 2-24
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Ways to Construct fi Objects

In this section...

“Types of fi Constructors” on page 2-2
“Examples of Constructing fi Objects” on page 2-3

Types of fi Constructors

You can create £i objects using Fixed-Point Designer software in any of the following
ways:

* You can use the f£i constructor function to create a £i object.

* You can use the sfi constructor function to create a new signed fi object.

* You can use the ufi constructor function to create a new unsigned £i object.
* You can use any of the £i constructor functions to copy an existing £i object.

To get started, to create a £i object with the default data type and a value of 0:

a = £i(0)

Dat

aTypeMode:

0]

Fixed-point: binary point scaling

gnedness: Signed
WordLength: 16
FractionLength: 15

This constructor syntax creates a signed f£i object with a value of 0, word length of 16
bits, and fraction length of 15 bits. Because you did not specify any fimath object
properties in the f£i constructor, the resulting £i object a has no local fimath.

To see all of the £i, sfi, and ufi constructor syntaxes, refer to the respective reference
pages.

For information on the display format of £i objects, refer to “View Fixed-Point Data”.
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Examples of Constructing fi Objects

The following examples show you several different ways to construct £i objects. For
other, more basic examples of constructing £i objects, see the Examples section of the
following constructor function reference pages:

- fi
« sfi
« ufi

Note The fi constructor creates the £i object using a RoundingMethod of Nearest and
an OverflowAction of Saturate. If you construct a £i from floating-point values, the
default RoundingMethod and OverflowAction property settings are not used.

Constructing a fi Object with Property Name/Property Value Pairs

You can use property name/property value pairs to set £i and fimath object properties
when you create the £i object:

a = fi(pi, 'RoundingMethod', 'Floor', 'OverflowAction', 'Wrap')

a =
3.1415

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 13

RoundingMethod: Floor

OverflowAction: Wrap
ProductMode: FullPrecision
SumMode: FullPrecision

You do not have to specify every fimath object property in the fi constructor. The fi
object uses default values for all unspecified fimath object properties.

+ If you specify at least one fimath object property in the fi constructor, the £i object
has a local fimath object. The fi object uses default values for the remaining
unspecified fimath object properties.
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+ If you do not specify any fimath object properties in the f£i object constructor, the fi
object uses default fimath values.

Constructing a fi Object Using a numerictype Object

You can use a numerictype object to define a £i object:
T = numerictype

T =

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 15

a = fl(Plr T)

1.0000

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 15

You can also use a fimath object with a numerictype object to define a £i object:

F = fimath ('RoundingMethod', 'Nearest', ...
'OverflowAction', 'Saturate', ...
'ProductMode', 'FullPrecision', ...
'SumMode"', 'FullPrecision')

F =
RoundingMethod: Nearest
OverflowAction: Saturate
ProductMode: FullPrecision

SumMode: FullPrecision

a = fi(pi, T, F)

2-4
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1.0000
DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 15
RoundingMethod: Nearest
OverflowAction: Saturate
ProductMode: FullPrecision
SumMode: FullPrecision

Note The syntax a =

fi(pi,T,F) is equivalenttoa =

fi(pi, F,T). You can use both

statements to define a £i object using a fimath object and a numerictype object.

Constructing a fi Object Using a fimath Object

You can create a £i object using a specific fimath object. When you do so, a local
fimath object is assigned to the £i object you create. If you do not specify any
numerictype object properties, the word length of the £i object defaults to 16 bits. The
fraction length is determined by best precision scaling:

F = fimath ('RoundingMethod', 'Nearest', ...
'OverflowAction', 'Saturate',...
'ProductMode', 'FullPrecision', ...
'SumMode "', 'FullPrecision')

F =

RoundingMethod: Nearest

OverflowAction: Saturate
ProductMode: FullPrecision
SumMode: FullPrecision

F.OverflowAction = 'Wrap'

F =

2-5
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RoundingMethod: Nearest
OverflowAction: Wrap

ProductMode: FullPrecision

SumMode: FullPrecision

3.1416

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 13

RoundingMethod: Nearest
OverflowAction: Wrap
ProductMode: FullPrecision
SumMode: FullPrecision

You can also create £i objects using a fimath object while specifying various
numerictype properties at creation time:

b = fi(pi, 0, F)
b =
3.1416

DataTypeMode: Fixed-point: binary point scaling
Signedness: Unsigned
WordLength: 16
FractionLength: 14

RoundingMethod: Nearest
OverflowAction: Wrap
ProductMode: FullPrecision
SumMode: FullPrecision

c = fi(pi, 0, 8, F)

3.1406
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DataTypeMode:
Signedness:
WordLength:

FractionLength:

RoundingMethod:
OverflowAction:
ProductMode:
SumMode :

3.1406

DataTypeMode:
Signedness:
WordLength:

FractionLength:

RoundingMethod:
OverflowAction:
ProductMode:
SumMode :

Fixed-point:
Unsigned
8

~
o

binary point scaling

Nearest

Wrap
FullPrecision
FullPrecision

Fixed-point:
Unsigned
8

~
o

binary point scaling

Nearest

wrap
FullPrecision
FullPrecision

Building fi Object Constructors in a GUI

When you are working with files in MATLAB, you can build your fi object constructors
using the Insert fi Constructor dialog box. After specifying the value and properties of
the £i object in the dialog box, you can insert the prepopulated £i object constructor at a

specific location in your file.

For example, to create a signed f£i object with a value of pi, a word length of 16 bits and

a fraction length of 13 bits:

1 On the Home tab, in the File section, click New > Script to open the MATLAB

Editor.

r| -
On the Editor tab, in the Edit section, click in the Insert button group.

Click Insert fi... to open the Insert fi Constructor dialog box.

2-7



2 Working with fi Objects

2-8

3 Use the edit boxes and drop-down menus to specify the following properties of the fi
object:

* Value =pi
+ Data type mode = Fixed-point: binary point scaling
+ Signedness = Signed

Word length = 16

+ Fraction length =13
A\ Inzert fi Constructor l = | |_ﬂh]

Value: pi
For example, pi. 2718, or x/2
nurnerictype
Data type mede: | Fixed-peint: binary point scaling =
Signedness: :Signed -

Word length: 15

Fracticn length: |13

OK || Cance || Help

L

-

To insert the £i object constructor in your file, place your cursor at the desired
location in the file, and click OK on the Insert fi Constructor dialog box. Clicking
OK closes the Insert fi Constructor dialog box and automatically populates the fi
object constructor in your file:

7 fi(pi, 1, 16, 13)

Determining Property Precedence

The value of a property is taken from the last time it is set. For example, create a

numerictype object with a value of true for the Signed property and a fraction length
of 14:
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DataTypeMode:
Signedness:
WordLength:

FractionLength:

numerictype ('Signed’,

true, 'FractionLength', 14)

Fixed-point:
Signed

16

14

binary point scaling

Now, create the following £i object in which you specify the numerictype property after
the Signed property, so that the resulting £i object is signed:

a =
a =
1.9999
DataTypeMode:
Signedness:
WordLength:
FractionLength:

fi(pi, 'Signed', false, 'numerictype',T)

Fixed-point:
Signed

16

14

binary point scaling

Contrast the £i object in this code sample with the £i object in the following code
sample. The numerictype property in the following code sample is specified before the
Signed property, so the resulting f£i object is unsigned:

b = fi(pi, 'numerictype'
b =
3.1416

DataTypeMode:
Signedness:
WordLength:
FractionLength:

Copying a fi Object

,T,"'Signed', false)

Fixed-point:
Unsigned

16

14

binary point scaling

To copy a f£i object, simply use assignment:

a = fi(pi)
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a =
3.1416
DataTypeMode:
Signedness:
WordLength:
FractionLength:
b =a
b =
3.1416
DataTypeMode:

Signedness:
WordLength:
FractionLength:

Fixed-point:
Signed

16

13

binary point scaling

Fixed-point:
Signed

16

13

binary point scaling

Creating fi Objects For Use in a Types Table

You can write a reusable MATLAB algorithm by keeping the data types of the

algorithmic variables in a separate types table. For example,

function T = mytypes (dt)
switch dt
case 'double'
T.b = double([]);
T.x = double([]);
T.y = double([]);
case 'fixedlo6'
T.b = fi([]1,1,16,15);

T.x
T.y
end
end

fi([1,1,16,15);
fi([1,1,16,14);

Cast the variables in the algorithm to the data types in the types table as described in
“Manual Fixed-Point Conversion Best Practices” on page 12-4.

function [y, z]=myfilter(b,x,z,T)
y = zeros(size(x),'like',T.vy);
for n=1:length (x)
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z(:) = [x(n); z(l:end-1)];
y(n) =b * z;
end

end

In a separate test file, set up input data to feed into your algorithm, and specify the data
types of the inputs.

Test inputs

= firl1(11,0.25);

= linspace (0,10*pi, 256)"';
= sin((pi/16)*t."2);
Linear chirp

do Xt O oo

o

Cast inputs

T=mytypes ('fixedlo");
b=cast (b, 'like',T.b);
x=cast(x, 'like',T.x);

z=zeros (size(b'),'like',T.x);

% Run
[yv,z] = myfilter(b,x,2z,T);
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Cast fi Objects

In this section...

“Overwriting by Assignment” on page 2-12
“Ways to Cast with MATLAB Software” on page 2-12

Overwriting by Assignment

Because MATLAB software does not have type declarations, an assignment like A = B
replaces the type and content of A with the type and content of B. If A does not exist at
the time of the assignment, MATLAB creates the variable A and assigns it the same type
and value as B. Such assignment happens with all types in MATLAB—objects and built-
in types alike—including £i, double, single, int8, uint8, int16, etc.

For example, the following code overwrites the value and int8 type of A with the value
and int16 type of B:

A

int8(0);
intl16(32767);
A =B

o]
Il

A =
32767

class (A)

ans =

intlé

Ways to Cast with MATLAB Software

You may find it useful to cast data into another type—for example, when you are casting
data from an accumulator to memory. There are several ways to cast data in MATLAB.
The following sections provide examples of three different methods:

+ Casting by Subscripted Assignment

+ Casting by Conversion Function
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+ Casting with the Fixed-Point Designer reinterpretcast Function

* Casting with the cast Function

Casting by Subscripted Assignment

The following subscripted assignment statement retains the type of A and saturates the
value of B to an int8:

p=d
|

= int8(0);
B = intl6(32767);
A(:) =B

127
class (A)
ans =
int8
The same is true for £i objects:

fipref ('NumericTypeDisplay', 'short');
A = fi(0, 1, 8, 0);

B = £fi(32767, 1, 16, 0);

A(:) =B

A =

127
s8,0

Note For more information on subscripted assignments, see the subsasgn function.

Casting by Conversion Function

You can convert from one data type to another by using a conversion function. In this
example, A does not have to be predefined because it is overwritten.

B = intl6(32767);
A int8 (B)
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127
class (A)
ans =
int8
The same is true for £i objects:

B = fi(32767, 1, 16, 0)

A= fi(B, 1, 8, 0)
B =
32767
slo,0
A =
127
s8,0

Using a numerictype Object in the fi Conversion Function

Often a specific numerictype is used in many places, and it is convenient to predefine
numerictype objects for use in the conversion functions. Predefining these objects is a
good practice because it also puts the data type specification in one place.

T8 = numerictype(l,8,0)

T8

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 8
FractionLength: 0

Tl6 = numerictype(l,16,0)

Tl6 =
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DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 0

B = £1(32767,T16)
B =
32767
s16,0

127
s8,0

Casting with the reinterpretcast Function

You can convert fixed-point and built-in data types without changing the underlying
data. The Fixed-Point Designer reinterpretcast function performs this type of
conversion.

In the following example, B is an unsigned fi object with a word length of 8 bits and a
fraction length of 5 bits. The reinterpretcast function converts B into a signed fi
object A with a word length of 8 bits and a fraction length of 1 bit. The real-world values
of A and B differ, but their binary representations are the same.

B = fi([pi/4 1 pi/2 41, 0, 8, 5)

T = numerictype(l, 8, 1);
A = reinterpretcast (B, T)
B =

0.7813 1.0000 1.5625 4.0000

DataTypeMode: Fixed-point: binary point scaling
Signedness: Unsigned
WordLength: 8
FractionLength: 5
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12.5000 16.0000 25.0000 -64.0000

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 8
FractionLength: 1

To verify that the underlying data has not changed, compare the binary representations
of A and B:

binary B = bin(B)
binary A = bin(A)

binary A =

00011001 00100000 00110010 10000000
binary B =

00011001 00100000 00110010 10000000
Casting with the cast Function

Using the cast function, you can convert the value of a variable to the same
numerictype, complexity, and fimath as another variable.

In the following example, a is cast to the data type of b. The output, c, has the same
numerictype and fimath properties as b, and the value of a.

a = pi;

b= f£fi([],1,16,13, 'RoundingMethod',Floor);
c= cast(a, 'like',b)

c =

3.1415

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 13
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RoundingMethod: Floor
OverflowAction: Saturate
ProductMode: FullPrecision
SumMode: FullPrecision

Using this syntax allows you to specify data types separately from your algorithmic code
as described in “Manual Fixed-Point Conversion Best Practices” on page 12-4.
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fi Object Properties

2-18

In this section...

“Data Properties” on page 2-18

“fimath Properties” on page 2-18

“numerictype Properties” on page 2-20

“Setting fi Object Properties” on page 2-21

Data Properties

The data properties of a £i object are always writable.

bin — Stored integer value of a £i object in binary

data — Numerical real-world value of a £i object

dec — Stored integer value of a £i object in decimal

double — Real-world value of a £i object, stored as a MATLAB double data type
hex — Stored integer value of a £i object in hexadecimal

int — Stored integer value of a £i object, stored in a built-in MATLAB integer data
type
oct — Stored integer value of a £i object in octal

To learn more about these properties, see “fi Object Properties” in the Fixed-Point
Designer Reference.

fimath Properties

In general, the fimath properties associated with £i objects depend on how you create
the f£i object:

When you specify one or more fimath object properties in the £i constructor, the
resulting £i object has a local fimath object.

When you do not specify any fimath object properties in the £i constructor, the
resulting £i object has no local fimath.
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To determine whether a £i object has a local fimath object, use the isfimathlocal
function.

The fimath properties associated with £i objects determine how fixed-point arithmetic
is performed. These fimath properties can come from a local f£imath object or from
default fimath property values. To learn more about fimath objects in fixed-point
arithmetic, see “fimath Rules for Fixed-Point Arithmetic” on page 4-13.

The following fimath properties are, by transitivity, also properties of the £i object. You
can set these properties for individual £i objects. The following fimath properties are
always writable.

* CastBeforeSum — Whether both operands are cast to the sum data type before
addition

Note This property is hidden when the SumMode is set to FullPrecision.

* MaxProductWordLength — Maximum allowable word length for the product data
type

* MaxSumWordLength — Maximum allowable word length for the sum data type

* OverflowAction — Action to take on overflow

* ProductBias — Bias of the product data type

* ProductFixedExponent — Fixed exponent of the product data type

* ProductFractionLength — Fraction length, in bits, of the product data type

* ProductMode — Defines how the product data type is determined

* ProductSlope — Slope of the product data type

* ProductSlopeAdjustmentFactor — Slope adjustment factor of the product data
type

* ProductWordLength — Word length, in bits, of the product data type

* RoundingMethod — Rounding method

* SumBias — Bias of the sum data type

* SumFixedExponent — Fixed exponent of the sum data type

* SumFractionLength — Fraction length, in bits, of the sum data type

*  SumMode — Defines how the sum data type is determined
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SumS1lope — Slope of the sum data type
SumSlopeAdjustmentFactor — Slope adjustment factor of the sum data type
SumWordLength — The word length, in bits, of the sum data type

For more information, see “fimath Object Properties” on page 4-5.

numerictype Properties

When you create a £i object, a numerictype object is also automatically created as a
property of the £i object:

numerictype — Object containing all the data type information of a £i object, Simulink
signal, or model parameter

The following numerictype properties are, by transitivity, also properties of a £i object.
The following properties of the numerictype object become read only after you create
the £i object. However, you can create a copy of a £i object with new values specified for
the numerictype properties:

Bias — Bias of a £i object

DataType — Data type category associated with a £i object

DataTypeMode — Data type and scaling mode of a £i object

FixedExponent — Fixed-point exponent associated with a £i object
FractionLength — Fraction length of the stored integer value of a £i object in bits
Scaling — Fixed-point scaling mode of a £i object

Signed — Whether a £i object is signed or unsigned

Signedness — Whether a £1i object is signed or unsigned

Note numerictype objects can have a Signedness of Auto, but all £i objects must
be Signed or Unsigned. If a numerictype object with Auto Signedness is used to
create a £i object, the Signedness property of the £i object automatically defaults to
Signed.

Slope — Slope associated with a £i object

SlopeAdjustmentFactor — Slope adjustment associated with a £i object
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* WordLength — Word length of the stored integer value of a £i object in bits
For more information, see “numerictype Object Properties” on page 6-6.

There are two ways to specify properties for £i objects in Fixed-Point Designer software.
Refer to the following sections:

+ “Setting Fixed-Point Properties at Object Creation” on page 2-21
+ “Using Direct Property Referencing with fi” on page 2-22

Setting fi Object Properties

You can set £i object properties in two ways:

+ Setting the properties when you create the object

+ Using direct property referencing
Setting Fixed-Point Properties at Object Creation

You can set properties of £i objects at the time of object creation by including properties
after the arguments of the £i constructor function. For example, to set the overflow
action to Wrap and the rounding method to Convergent,

a = fi(pi, 'OverflowAction', 'Wrap',...
'RoundingMethod', 'Convergent')

3.1416

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 13

RoundingMethod: Convergent
OverflowAction: Wrap
ProductMode: FullPrecision
SumMode: FullPrecision
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To set the stored integer value of a £i object, use the parameter/value pair for the 'int"’
property when you create the object. For example, create a signed f£i object with a stored
integer value of 4, 16-bit word length, and 15-bit fraction length.

x = £1(0,1,16,15,"'int",4);
Verify that the £i object has the expected integer setting.
x.int
ans =
4

Using Direct Property Referencing with fi

You can reference directly into a property for setting or retrieving £i object property
values using MATLAB structure-like referencing. You do so by using a period to index
into a property by name.

For example, to get the WordLength of a,

a.WordLength

To set the OverflowAction of a,

a.OverflowAction = 'Wrap'

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 13

RoundingMethod: Convergent
OverflowAction: wrap
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ProductMode:
SumMode :

FullPrecision
FullPrecision

If you have a £i object b with a local fimath object, you can remove the local fimath
object and force b to use default fimath values:

b = fi(pi, 1, 'RoundingMethod', 'Floo
b =
3.1415
DataTypeMode: Fixed-point:
Signedness: Signed
WordLength: 16
FractionLength: 13
RoundingMethod: Floor
OverflowAction: Saturate
ProductMode: FullPrecision
SumMode: FullPrecision
b.fimath = []
b =
3.1415
DataTypeMode: Fixed-point:
Signedness: Signed
WordLength: 16
FractionLength: 13

isfimathlocal (b)

ans =
0

r'")

binary point scaling

binary point scaling
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fi Object Functions

In addition to functions that operate on £i objects, you can use the following functions to
access data in a f£i object using dot notation.

* bin

+ data

* dec

+ double
* hex

* storedInteger
« storedIntegerToDouble

¢ oct

For example,

a = fi(pi);
n = storedInteger (a)

2-24



Fixed-Point Topics

+ “Set Up Fixed-Point Objects” on page 3-2

* “View Fixed-Point Number Circles” on page 3-16

* “Perform Binary-Point Scaling” on page 3-29

+ “Develop Fixed-Point Algorithms” on page 3-34

+ “Calculate Fixed-Point Sine and Cosine” on page 3-46

+ “Calculate Fixed-Point Arctangent” on page 3-69

+ “Compute Sine and Cosine Using CORDIC Rotation Kernel” on page 3-95
+ “Perform QR Factorization Using CORDIC” on page 3-100

+ “Compute Square Root Using CORDIC” on page 3-136

+ “Convert Cartesian to Polar Using CORDIC Vectoring Kernel” on page 3-146
+ “Set Data Types Using Min/Max Instrumentation” on page 3-151

+ “Convert Fast Fourier Transform (FFT) to Fixed Point” on page 3-165

+ “Detect Limit Cycles in Fixed-Point State-Space Systems” on page 3-186
+ “Compute Quantization Error” on page 3-198

* “Normalize Data for Lookup Tables” on page 3-207

* “Implement Fixed-Point Log2 Using Lookup Table” on page 3-213

* “Implement Fixed-Point Square Root Using Lookup Table” on page 3-218
+ “Set Fixed-Point Math Attributes” on page 3-223
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Set Up Fixed-Point Objects

Create Fixed-Point Data
This example shows the basics of how to use the fixed-point numeric object £i.
Notation

The fixed-point numeric object is called £i because J.H. Wilkinson used £i to denote

fixed-point computations in his classic texts Rounding Errors in Algebraic Processes
(1963), and The Algebraic Eigenvalue Problem (1965).

Setup

This example may use display settings or preferences that are different from what you
are currently using. To ensure that your current display settings and preferences are not
changed by running this example, the example automatically saves and restores them.
The following code captures the current states for any display settings or properties that
the example changes.

originalFormat = get (0, 'format');

format loose

format long g

% Capture the current state of and reset the fi display and logging
% preferences to the factory settings.

fiprefAtStartOfThisExample = get (fipref);

reset (fipref);

Default Fixed-Point Attributes

To assign a fixed-point data type to a number or variable with the default fixed-point
parameters, use the £i constructor. The resulting fixed-point value is called a £i object.

For example, the following creates £i objects a and b with attributes shown in the
display, all of which we can specify when the variables are constructed. Note that when
the FractionLength property is not specified, it is set automatically to "best precision"
for the given word length, keeping the most-significant bits of the value. When the
WordLength property is not specified it defaults to 16 bits.

a = fi(pi)
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3.1416015625

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 13

o
I

£i(0.1)

0.0999984741210938

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 18

Specifying Signed and WordLength Properties

The second and third numeric arguments specify Signed (true or 1 = signed, false or
0 = unsigned), and WordLength in bits, respectively.

o

Signed 8-bit
fi(pi, 1, 8)

o)
I

3.15625

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 8
FractionLength: 5

The sfi constructor may also be used to construct a signed £i object

al = sfi(pi,8)

al
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3.15625

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 8
FractionLength: 5

o

Unsigned 20-bit
b = fi(exp(1l), 0, 20)

2.71828079223633
DataTypeMode: Fixed-point: binary point scaling
Signedness: Unsigned

WordLength: 20
FractionLength: 18

The ufi constructor may be used to construct an unsigned £i object

bl = ufi(exp(l), 20)

bl =
2.71828079223633
DataTypeMode: Fixed-point: binary point scaling
Signedness: Unsigned
WordLength: 20
FractionLength: 18
Precision

The data is stored internally with as much precision as is specified. However, it is
important to be aware that initializing high precision fixed-point variables with double-
precision floating-point variables may not give you the resolution that you might expect
at first glance. For example, let's initialize an unsigned 100-bit fixed-point variable with
0.1, and then examine its binary expansion:

a = ufi(0.1, 100);

bin (a)
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ans =

'110011001100110011001100110011001100110011001100110100000000000000000000000000000¢

Note that the infinite repeating binary expansion of 0.1 gets cut off at the 52nd bit (in
fact, the 53rd bit is significant and it is rounded up into the 52nd bit). This is because
double-precision floating-point variables (the default MATLAB® data type), are stored in
64-bit floating-point format, with 1 bit for the sign, 11 bits for the exponent, and 52 bits
for the mantissa plus one "hidden" bit for an effective 53 bits of precision. Even though
double-precision floating-point has a very large range, its precision is limited to 53 bits.
For more information on floating-point arithmetic, refer to Chapter 1 of Cleve Moler's
book, Numerical Computing with MATLAB. The pdf version can be found here: http://
www.mathworks.com/company/aboutus/founders/clevemoler.html

So, why have more precision than floating-point? Because most fixed-point processors
have data stored in a smaller precision, and then compute with larger precisions. For
example, let's initialize a 40-bit unsigned £i and multiply using full-precision for
products.

Note that the full-precision product of 40-bit operands is 80 bits, which is greater
precision than standard double-precision floating-point.

b =
0.0100000000000045

DataTypeMode: Fixed-point: binary point scaling

Signedness: Unsigned
WordLength: 80
FractionLength: 86


http://www.mathworks.com/company/aboutus/founders/clevemoler.html
http://www.mathworks.com/company/aboutus/founders/clevemoler.html
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bin (b)

ans =

'10100011110101110000101000111101011100001111010111000010100011110101110000101001"

Access to Data

The data can be accessed in a number of ways which map to built-in data types and
binary strings. For example,

DOUBLE(A)

a = fi(pi);
double (a)

3.1416015625

returns the double-precision floating-point "real-world" value of a, quantized to the
precision of a.

A.DOUBLE = ...

We can also set the real-world value in a double.

a.double = exp (1)

2.71826171875
DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 13

sets the real-world value of a to e, quantized to a's numeric type.

3-6



Set Up Fixed-Point Objects

STOREDINTEGER(A)

storedInteger (a)

ans =
intlé6

22268

returns the "stored integer" in the smallest built-in integer type available, up to 64 bits.
Relationship Between Stored Integer Value and Real-World Value

In BinaryPoint scaling, the relationship between the stored integer value and the real-
world value is

Real-world value = (Stored integer) - 2 Fraction length

There is also SlopeBias scaling, which has the relationship
Real-world value = (Stored integer) - Slope + Bias

where

Slope = (Slope adjustment factor) - glixed exponent

and
Fixed exponent = —Fraction length.

The math operators of £i work with BinaryPoint scaling and real-valued SlopeBias
scaled fi objects.

BIN(A), OCT(A), DEC(A), HEX(A)

return the stored integer in binary, octal, unsigned decimal, and hexadecimal strings,
respectively.

bin(a)
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'0101011011111100"

oct (a)

ans =

'053374"

dec (a)

ans =

'22268"

hex (a)

ans =

'S5e6fc!

ABIN=..,AOCT=..,ADEC=..,AHEX=..

set the stored integer from binary, octal, unsigned decimal, and hexadecimal strings,

respectively.
fi(w)
a.pbin = '0110010010001000"
a =
3.1416015625
DataTypeMode: Fixed-point:
Signedness: Signed
WordLength: 16
FractionLength: 13
fi(g)

binary point scaling
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a.oct = '031707"

1.6180419921875

DataTypeMode:
Signedness:
WordLength:

FractionLength:

fi(e)

a.dec = '22268"

Fixed-point:

Signed
16
13

2.71826171875

DataTypeMode:
Signedness:
WordLength:

FractionLength:

£i(0.1)

a.hex = '0333"

Fixed-point:

Signed
16
13

0.0999755859375

DataTypeMode:
Signedness:
WordLength:

FractionLength:

Specifying FractionLength

Fixed-point:

Signed
16
13

binary point scaling

binary point scaling

binary point scaling

When the FractionLength property is not specified, it is computed to be the best
precision for the magnitude of the value and given word length. You may also specify the
fraction length directly as the fourth numeric argument in the £i constructor or the third
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numeric argument in the sfi or ufi constructor. In the following, compare the fraction
length of a, which was explicitly set to 0, to the fraction length of b, which was set to best
precision for the magnitude of the value.

a = sfi(10,16,0)
a =
10
DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: O
b = s£fi(10,16)
b =
10

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 11

Note that the stored integer values of a and b are different, even though their real-world
values are the same. This is because the real-world value of a is the stored integer scaled
by 270 = 1, while the real-world value of b is the stored integer scaled by 2*-11 =
0.00048828125.

storedInteger (a)

ans =
intlé6

10

storedInteger (b)
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ans =
intlé6

20480

Specifying Properties with Parameter/Value Pairs

Thus far, we have been specifying the numeric type properties by passing numeric
arguments to the £i constructor. We can also specify properties by giving the name of
the property as a string followed by the value of the property:

a = fi(pi, 'WordLength',20)

3.14159393310547

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 20
FractionLength: 17

For more information on fi properties, type

help fi
or
doc fi

at the MATLAB command line.
Numeric Type Properties

All of the numeric type properties of fi are encapsulated in an object named
numerictype:

T = numerictype
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DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 16
FractionLength: 15

The numeric type properties can be modified either when the object is created by passing
in parameter/value arguments

T = numerictype ('WordLength', 40, 'FractionLength',37)

DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 40
FractionLength: 37

or they may be assigned by using the dot notation

T.Signed = false

DataTypeMode: Fixed-point: binary point scaling
Signedness: Unsigned
WordLength: 40
FractionLength: 37

All of the numeric type properties of a £i may be set at once by passing in the
numerictype object. This is handy, for example, when creating more than one f£i object
that share the same numeric type.

a = fi(pi, 'numerictype',T)

3.14159265359194



Set Up Fixed-Point Objects

DataTypeMode: Fixed-point: binary point scaling
Signedness: Unsigned
WordLength: 40
FractionLength: 37

b = fi(exp(l), 'numerictype',T)

2.71828182845638
DataTypeMode: Fixed-point: binary point scaling
Signedness: Unsigned
WordLength: 40
FractionLength: 37

The numerictype object may also be passed directly to the £i constructor

al = fi(pi,T)

al =
3.14159265359194
DataTypeMode: Fixed-point: binary point scaling
Signedness: Unsigned

WordLength: 40
FractionLength: 37

For more information on numerictype properties, type
help numerictype

or

doc numerictype

at the MATLAB command line.

Display Preferences

The display preferences for £i can be set with the fipref object. They can be saved
between MATLAB sessions with the savefipref command.
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Display of Real-World Values

When displaying real-world values, the closest double-precision floating-point value is
displayed. As we have seen, double-precision floating-point may not always be able to

represent the exact value of high-precision fixed-point number. For example, an 8-bit

fractional number can be represented exactly in doubles

Fixed-point:
Signed
8

]

a = sfi(1,8,7)
a =
0.9921875
DataTypeMode:
Signedness:
WordLength:
FractionLength:
bin (a)
ans =

'01111111"

binary point scaling

while a 100-bit fractional number cannot (1 is displayed, when the exact value is 1 -

21-99):

b = sfi(1,100,99)

Dat

caTypeMode:
Signedness:

WordLength:
FractionLength:

Fixed-point:
Signed

100

99

binary point scaling

Note, however, that the full precision is preserved in the internal representation of fi

bin (b)

3-14
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‘o111121111111111122222212211111111222222111111212121121211111111111111111111111111111111171

The display of the f£i object is also affected by MATLAB's format command. In
particular, when displaying real-world values, it is handy to use

format long g
so that as much precision as is possible will be displayed.

There are also other display options to make a more shorthand display of the numeric
type properties, and options to control the display of the value (as real-world value,
binary, octal, decimal integer, or hex).

For more information on display preferences, type

help fipref
help savefipref
help format

or

doc fipref
doc savefipref
doc format

at the MATLAB command line.
Cleanup

The following code sets any display settings or preferences that the example changed
back to their original states.

% Reset the fi display and logging preferences
fipref (fiprefAtStartOfThisExample) ;
set (0, 'format', originalFormat);
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View Fixed-Point Number Circles
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This example shows how to define unsigned and signed two's complement integer and
fixed-point numbers.

Fixed-Point Number Definitions

This example illustrates the definitions of unsigned and signed-two's-complement integer
and fixed-point numbers.

Unsigned Integers.

Unsigned integers are represented in the binary number system in the following way.
Let

b = [b(n) b(n-1) ... b(2) b(l)]

be the binary digits of an n-bit unsigned integer, where each b(i) is either one or zero.
Then the value of b is

u = b(n)*2*(n-1) + b(n-1)*2"(n-2) + ... + b(2)*2"(1) + b(l)*2"(0)

For example, let's define a 3-bit unsigned integer quantizer, and enumerate its range.
originalFormat = get (0, 'format'); format

g = quantizer ('ufixed', [3 0]);

[a,b] = range(q);

u = (a:eps(q):b)"’

% Now, let's display those values in binary.

b = num2bin (g, u)

u =

~ o U Ww N O
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8x3 char array

'000"
001!
'010"
‘011!
'100"
'101"
'110"
'111°

Unsigned Integer Number Circle.

Let's array them around a clock face with their corresponding binary and decimal values.

fidemo.numbercircle (q) ;
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00 =0
M1=7 201 =1
1M0=6 o= 2
M1=5 M1=3
00 = 4

Unsigned Fixed-Point.

Unsigned fixed-point values are unsigned integers that are scaled by a power of two. We
call the negative exponent of the power of two the "fractionlength".

If the unsigned integer u is defined as before, and the fractionlength is f, then the value
of the unsigned fixed-point number is

uf = u*2*-f

For example, let's define a 3-bit unsigned fixed-point quantizer with a fractionlength of 1,
and enumerate its range.

g = quantizer ('ufixed', [3 11);
[a,b] = range(q);
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uf = (a:eps(q):b)’

% Now, let's display those values in binary.
b = num2bin (g, uf)

.5000
.0000
.5000
.0000
.5000
.0000
.5000

W w NN PO

8x3 char array

'000"
‘001’
'010"
'011"
'100"
'101°
'110"
'111°

Unsigned Fixed-Point Number Circle.

Let's array them around a clock face with their corresponding binary and decimal values.

fidemo.numbercircle (q) ;
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wo=02"=0

1M11=72"=35 001=1.2"=05
1M10=621= 3 010=22"= 1
101=52"=25 M1=2321=15

0Wo0=42"= 2

Unsigned Fractional Fixed-Point.

Unsigned fractional fixed-point numbers are fixed-point numbers whos fractionlength f is
equal to the wordlength n, which produces a scaling such that the range of numbers is
between 0 and 1-27-f, inclusive. This is the most common form of fixed-point numbers
because it has the nice property that all of the numbers are less than one, and the
product of two numbers less than one is a number less than one, and so multiplication
does not overflow.

Thus, the definition of unsigned fractional fixed-point is the same as unsigned fixed-
point, with the restriction that f=n, where n is the wordlength in bits.

uf = u*2”-f
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For example, let's define a 3-bit unsigned fractional fixed-point quantizer, which implies
a fractionlength of 3.

g = quantizer ('ufixed', [3 3]);
la,b] = range(q);
uf = (a:eps(q) :b)"

% Now, let's display those values in binary.
b = num2bin (g, uf)

uf =
0
0.1250
0.2500
0.3750
0.5000
0.6250
0.7500
0.8750

b =

8x3 char array

'000"
001!
'010"
‘011!
'100"
'101"
'110"
'111°

Unsigned Fractional Fixed-Point Number Circle.

Let's array them around a clock face with their corresponding binary and decimal values.

fidemo.numbercircle (q);
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oe=023= 0
1M1=7.22=0875 001=1.23%=0125
110=6-22= 0.75 010=2-2%= 025
101 =5 22 =0625 011=3.23=0375
. =
100=4-2%= 05

Signed Two's-Complement Integers.

Signed integers are represented in two's-complement in the binary number system in the
following way. Let

b = [b(n) b(n-1) ... b(2) b(l)]

be the binary digits of an n-bit signed integer, where each b(i) is either one or zero. Then
the value of b is

s = -b(n)*2”(n-1) + b(n-1)*2"(n-2) + ... + b(2)*27(1) + b(l)*27(0)

Note that the difference between this and the unsigned number is the negative weight on
the most-significant-bit (MSB).
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For example, let's define a 3-bit signed integer quantizer, and enumerate its range.

g = quantizer ('fixed',[3 0]);
la,b] = range(q);
s = (a:eps(q):b)’

% Now, let's display those values in binary.
b = num2bin (g, s)

Note that the most-significant-bit of negative numbers is 1, and positive
numpbers is 0.

8x3 char array

'100"
'101"
'110"
'111°
'000"
'001!
'010"
‘011!

Signed Two's-Complement Integer Number Circle.

Let's array them around a clock face with their corresponding binary and decimal values.
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The reason for this ungainly looking definition of negative numbers is that addition of all
numbers, both positive and negative, is carried out as if they were all positive, and then
the n+1 carry bit is discarded. The result will be correct if there is no overflow.

fidemo.numbercircle (q) ;

300 = 0
111 = -1 001 = 1
10 = -2 010= 2
101 =-3 011= 3
100 = 4

Signed Fixed-Point.

Signed fixed-point values are signed integers that are scaled by a power of two. We call
the negative exponent of the power of two the "fractionlength".

If the signed integer s is defined as before, and the fractionlength is f, then the value of
the signed fixed-point number is

sf = s*2"-f
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For example, let's define a 3-bit signed fixed-point quantizer with a fractionlength of 1,
and enumerate its range.

g = quantizer('fixed',[3 11);
[a,b] = range(q);
sf = (a:eps(qg):b)"’

% Now, let's display those values in binary.
b = num2bin (g, sf)

[©)]

-2.0000
-1.5000
-1.0000
-0.5000

0.5000
1.0000
1.5000

8x3 char array

'100"
'101"
'110"
'111°
'000"
001!
'010"
011!

Signed Fixed-Point Number Circle.

Let's array them around a clock face with their corresponding binary and decimal values.

fidemo.numbercircle (q) ;
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1M1=12"=205 001=1.21=05

1M10=-2 27 Mo=221= 1

n
i
-y

MW1=-32"=15 0M11=3.21=15

Signed Fractional Fixed-Point.

Signed fractional fixed-point numbers are fixed-point numbers whos fractionlength f is
one less than the wordlength n, which produces a scaling such that the range of numbers
1s between -1 and 1-27-f, inclusive. This is the most common form of fixed-point numbers
because it has the nice property that the product of two numbers less than one is a
number less than one, and so multiplication does not overflow. The only exception is the
case when we are multiplying -1 by -1, because +1 is not an element of this number
system. Some processors have a special multiplication instruction for this situation, and
some add an extra bit in the product to guard against this overflow.

Thus, the definition of signed fractional fixed-point is the same as signed fixed-point,
with the restriction that f=n-1, where n is the wordlength in bits.
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sf = s*2"-f

For example, let's define a 3-bit signed fractional fixed-point quantizer, which implies a
fractionlength of 2.

g = quantizer ('fixed',[3 2]1);
[a,b] = range(q);
sf = (a:eps(qg):b)"’

% Now, let's display those values in binary.
b = num2bin (g, sf)

-1.0000
-0.7500
-0.5000
-0.2500

0.2500
0.5000
0.7500

8x3 char array

100"
101"
110"
111"
000"
001"
010"
011"

Signed Fractional Fixed-Point Number Circle.

Let's array them around a clock face with their corresponding binary and decimal values.

fidemo.numbercircle (q) ;

set (0, 'format', originalFormat);

3-27



3 Fixed-Point Topics

3-28

0.00= 0.22=

111=1.22=025

110=2.22= 05

101=-3.22=.075

100=4 22=

0

001=1.2%= 025

010= 2.22= 05

011= 3.22= 075

-1
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Perform Binary-Point Scaling
This example shows how to perform binary point scaling in FI.
FI Construction

a = fi(v,s,w,f) returns a £i with value v, signedness s, word length w, and fraction
length £.

If s is true (signed) the leading or most significant bit (MSB) in the resulting fi is always
the sign bit.

Fraction length f is the scaling 2~ (-f).

For example, create a signed 8-bit long £i with a value of 0.5 and a scaling of 2/ (-7):

a = fi(0.5,true,8,7)

0.5000

de: Fixed-point: binary point scaling

: Signed
WordLength: 8
FractionLength: 7

Fraction Length and the Position of the Binary Point

The fraction length or the scaling determines the position of the binary point in the £i
object.

The Fraction Length is Positive and Less than the Word Length

When the fraction length f is positive and less than the word length, the binary point lies
f places to the left of the least significant bit (LSB) and within the word.

For example, in a signed 3-bit £i with fraction length of 1 and value -0.5, the binary

point lies 1 place to the left of the LSB. In this case each bit is set to 1 and the binary
equivalent of the £i with its binary pointis 11.1 .
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The real world value of -0.5 is obtained by multiplying each bit by its scaling factor,
starting with the LSB and working up to the signed MSB.

(1*2~-1) + (1*270) +(-1*271) = -0.5

storedInteger (a) returns the stored signed, unscaled integer value -1.
(1*270) + (1*271) +(-1*272) = -1

a = fi(-0.5,true,3,1)

bin (a)
storedInteger (a)

-0.5000
DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 3
FractionLength: 1

ans =

111"
int8

The Fraction Length is Positive and Greater than the Word Length

When the fraction length f is positive and greater than the word length, the binary point

lies f places to the left of the LSB and outside the word.

For example the binary equivalent of a signed 3-bit word with fraction length of 4 and
value of -0.06251s . 111 Here inthe . 111 denotes an unused bit that is not a part of

the 3-bit word. The first 1 after the __is the MSB or the sign bit.

The real world value of -0.0625 is computed as follows (LSB to MSB).
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(1*2~-4) + (1*27-3) + (-1*27-2) = -0.0625
bin(b) will return 111 at the MATLAB® prompt and storedInteger (b) = -1
b = £fi(-0.0625,true, 3,4)

bin (b)
storedInteger (b)

b =
-0.0625
DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 3
FractionLength: 4
ans =
111"
ans =
int8

The Fraction Length is a Negative Integer and Less than the Word Length

When the fraction length f is negative the binary point lies f places to the right of LSB
and 1s outside the physical word.

For instance in ¢ = fi (-4, true, 3, -2) the binary point lies 2 places to the right of the
LSB 111 .. Here the two right most spaces are unused bits that are not part of the 3-
bit word. The right most 1 is the LSB and the leading 1 is the sign bit.

The real world value of -4 is obtained by multiplying each bit by its scaling factor 2~ (-
f),1.e.2(-(-2)) = 2~ (2) for the LSB, and then adding the products together.

(1*272) + (1*273) +(-1*2"4) = -4
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bin(c) and storedInteger (c) will still give 111 and -1 as in the previous two
examples.

c = fi(-4,true,3,-2)
bin (c)
storedInteger (c)

-4
DataTypeMode: Fixed-point: binary point scaling
Signedness: Signed
WordLength: 3
FractionLength: -2
ans =
‘111!
ans =
int8
-1

The Fraction Length is Set Automatically to the Best Precision Possible and is Negative

In this example we create a signed 3-bit £i where the fraction length is set automatically
depending on the value that the £i is supposed to contain. The resulting £i has a value
of 6, with a wordlength of 3 bits and a fraction length of -1. Here the binary point is 1
place to the right of the LSB: 011 .. The 1is again an unused bit and the first 1 before
the 1isthe LSB. The leading 1 is the sign bit.

The real world value (6) is obtained as follows:
(1*27°1) + (1*272) + (-0*273) = o

bin (d) and storedInteger (d) will give 011 and 3 respectively.
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d = fi(5,true,3)
bin(d)
storedInteger (d)

()}

DataTypeMode:
Signedness:
WordLength:

FractionLength:

‘011"

ans =

int8

Fixed-point:
Signed

e}

-1

Interactive FI Binary Point Scaling Example

binary point scaling

This is an interactive example that allows the user to change the fraction length of a 3-

bit fixed-point number by moving the binary point using a slider. The fraction length can
be varied from -3 to 5 and the user can change the value of the 3 bits to '0' or '1' for either
signed or unsigned numbers.

The "Scaling factors" above the 3 bits display the scaling or weight that each bit is given
for the specified signedness and fraction length. The fi code, the double precision real-
world value and the fixed-point attributes are also displayed.

Type fibinscaling at the MATLAB prompt to run this example.
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This example shows how to develop and verify a simple fixed-point algorithm.
Simple Example of Algorithm Development

This example shows the development and verification of a simple fixed-point filter
algorithm. We will follow the following steps:

1) Implement a second order filter algorithm and simulate in double-precision floating-
point.

2) Instrument the code to visualize the dynamic range of the output and state.

3) Convert the algorithm to fixed-point by changing the data type of the variables - the
algorithm itself does not change.

4) Compare and plot the fixed-point and floating-point results.
Floating-Point Variable Definitions

We develop our algorithm in double-precision floating-point. We will use a second-order
lowpass filter to remove the high frequencies in the input signal.

b=1[0.25 0.5 0.25 1; % Numerator coefficients
a=[1 0.09375 0.28125 ]; % Denominator coefficients
% Random input that has both high and low frequencies.

s = rng; rng(0, 'vbuniform');

x = randn(1000,1);

rng(s); % restore RNG state

% Pre-allocate the output and state for speed.

y = zeros(size(x));

z = [0;0];

Data-Type-Independent Algorithm

This is a second-order filter that implements the standard difference equation:

y(n) = b(l)*x(n) + b(2)*x(n-1) + b(3)*x(n-2) - a(2)*y(n-1) - a(3)*y(n-2)
for k=1:length (x)

y(k) = Db(l)*x(k) + z(1);

z(1) = (b(2)*x(k) + z(2)) - a(2)*y(k);

z(2) = Db(3)*x(k) - a(3)*y(k);
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end

% Save the Floating-Point Result
ydouble = y;

Visualize Dynamic Range

In order to convert to fixed-point, we need to know the range of the variables. Depending
on the complexity of an algorithm, this task can be simple or quite challenging. In this
example, the range of the input value is known, so selecting an appropriate fixed-point
data type is simple. We will concentrate on the output (y) and states (z) since their range
is unknown. To view the dynamic range of the output and states, we will modify the code
slightly to instrument it. We will create two NumericTypeScope objects and view the
dynamic range of the output (y) and states (z) simultaneously.

Instrument Floating-Point Code

% Reset states

z = [0;0];
hscopel = NumericTypeScope;
hscope2 = NumericTypeScope;
for k=1:length (x)
y(k) = Db(l)*x(k) + z(1);
z(1) = (b(2)*x(k) + z(2)) - a(2)*y(k);
z(2) = Db(3)*x(k) - a(3)*y(k);
% process the dat
)

ata and update the visual.
step (hscopel, z);
end
step (hscope?2,v) ;
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Analyze Information in the Scope

Let us first analyze the information displayed for variable z (state). From the histogram
we can see that the dynamic range lies between (2' 2 13

By default, the scope uses a word length of 16 bits with zero tolerable overflows. This
results in a data type of numerictype(true,16, 14) since we need at least 2 integer bit to
avoid overflows. You can get more information on the statistical data from the Input
Data and Resulting Type panels. From the Input Data panel we can see that the data
has both positive and negative values and hence a signed quantity which is reflected in
the suggested numerictype. Also, the maximum data value is 1.51 which can be
represented by the suggested type.

Next, let us look at variable y (output). From the histogram plot we see that the dynamic
range lies between (2' 2 ”‘].

By default, the scope uses a word length of 16 bits with zero tolerable overflows. This
results in a data type of numerictype(true,16, 14) since we need at least 2 integer bits to
avoid overflows. With this suggested type you see no overflows or underflows.

Fixed-Point Variable Definitions

We convert variables to fixed-point and run the algorithm again. We will turn on logging
to see the overflows and underflows introduced by the selected data types.

% Turn on logging to see overflows/underflows.

FIPREF STATE = get (fipref);

reset (fipref)

fp = fipref;

default loggingmode = fp.LoggingMode;

fp.LoggingMode = 'On';

% Capture the present state of and reset the global fimath to the factory

% settings.

globalFimathAtStart = fimath;

resetglobalfimath;

% Define the fixed-point types for the variables in the below format:
fi(Data, Signed, WordLength, FractionLength)

o

oe

b= fi(b, 1, 8, 6);

a = fi(a, 1, 8, 6);

x = fi(x, 1, 16, 13);

y = fi(zeros(size(x)) 1, 16, 13);

z = £i([0;0], 1, 16, 14);
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Same Data-Type-Independent Algorithm

for k=1: length(x)
y(k) = (L) *x (k) + z(1);
z(1) = (b(2)*x(k) + z(2)) - a(2)*y(k);
z(2) = Db(3)*x(k) - a(3)*y(k);

end
% Reset the logging mode.
fp.LoggingMode = default loggingmode;

In this example, we have redefined the fixed-point variables with the same names as the
floating-point so that we could inline the algorithm code for clarity. However, it is a
better practice to enclose the algorithm code in a MATLAB® file function that could be
called with either floating-point or fixed-point variables. See filimitcycledemo.m for
an example of writing and using a datatype-agnostic algorithm.

Compare and Plot the Floating-Point and Fixed-Point Results

We will now plot the magnitude response of the floating-point and fixed-point results and
the response of the filter to see if the filter behaves as expected when it is converted to
fixed-point.

n = length (x);
f = linspace(0,0.5,n/2);

x response = 20*1ogl0 (abs (fft (double(x))));
ydouble response = 20*1ogl0 (abs (fft (ydouble)));
y response = ZO*logIO(abs(fft(double(y))));
plot (f,x response(l:n/2),'c-'

f,ydouble response(l: n/2),'bo—

f,y response(l:n/2),'gs-");

ylabel ('"Magnitude in dB')
xlabel ('Normalized Frequency');

legend (

title('Magnitude response of Floating-point and Fixed-point results');
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40 Magnitude response of Floating-point and Fixed-point results
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Mormalized Frequency

h = fft(double (b),n)
h = h(l:end/2);

clf

hax = axes;

plot (hax,£,20*%1ogl0 (abs (h)));

set (hax, 'YLim', [-40 0]);

title('Magnitude response of the filter');
ylabel ('"Magnitude in dB')

xlabel ('Frequency') ;

./fft (double (a),n);
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Magnitude in dB

Magnitude response of the filter
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0 005 01 015 02 025 03 035
Frequency

0.4

Notice that the high frequencies in the input signal are attenuated by the low-pass filter

which is the expected behavior.

Plot the Error

clf
n = (0:length(y)-1)"';
e = double(lsb(y)):;

plot (n,double (y)-ydouble, '.-x', ..
[n(1) n(end)], [e/2 e/2],'c",

[n(1)

n(end)], [-e/2 -e/2],'c")

text (n(end),e/2,"'+1/2 LSB', 'HorizontalAlignment', 'right', 'VerticalAlignment', 'bottom")
text (n(end),-e/2,'-1/2 LSB', 'HorizontalAlignment', 'right', 'VerticalAlignment', "top")
xlabel ('n (samples)'); ylabel('error')
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1.5 T T T T T T T T T
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__.1 -5 i i i i i i i i i
0 100 200 300 400 500 600 YOO 800 900 1000

n (samples)
Simulink®

If you have Simulink® and Fixed-Point Designer™, you can run this model, which is the
equivalent of the algorithm above. The output, y_sim is a fixed-point variable equal to
the variable y calculated above in MATLAB code.

As in the MATLAB code, the fixed-point parameters in the blocks can be modified to
match an actual system; these have been set to match the MATLAB code in the example
above. Double-click on the blocks to see the settings.

if fidemo.hasSimulinkLicense

% Set up the From Workspace variable
X sim.time = n;
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X sim.signals.values = x;
X sim.signals.dimensions = 1;

)

% Run the simulation
out sim = sim('fitdf2filter demo', 'SaveOutput', 'on',
'SrcWorkspace', 'current');

)

% Open the model
fitdf2filter demo

% Verify that the Simulink results are the same as the MATLAB file
isequal (y, out sim.get('y sim'))

end

ans =

logical
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x_sim

sfic16_Eni13 sfix2d_EniD sfi25 Enib sfi16_En13

convert Y _sim
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#a | e

efix25_Enid
sfi24_En1D

sfi24_Enid

b{3)
Caopyright 2004-2010 The MathWarks, Inc.

Assumptions Made for this Example

In order to simplify the example, we have taken the default math parameters: round-to-
nearest, saturate on overflow, full precision products and sums. We can modify all of
these parameters to match an actual system.

The settings were chosen as a starting point in algorithm development. Save a copy of
this MATLAB file, start playing with the parameters, and see what effects they have on
the output. How does the algorithm behave with a different input? See the help for fi,
fimath, and numerictype for information on how to set other parameters, such as
rounding mode, and overflow mode.
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close all force;

bdclose all;

% Reset the global fimath
globalfimath (globalFimathAtStart) ;
fipref (FIPREF_STATE) ;
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Calculate Fixed-Point Sine and Cosine

3-46

This example shows how to use both CORDIC-based and lookup table-based algorithms
provided by the Fixed-Point Designer™ to approximate the MATLAB® sine (SIN) and
cosine (COS) functions. Efficient fixed-point sine and cosine algorithms are critical to
many embedded applications, including motor controls, navigation, signal processing,
and wireless communications.

Calculating Sine and Cosine Using the CORDIC Algorithm
Introduction

The cordiccexp, cordicsincos, cordicsin, and cordiccos functions approximate
the MATLAB sin and cos functions using a CORDIC-based algorithm. CORDIC is an
acronym for COordinate Rotation DIgital Computer. The Givens rotation-based CORDIC
algorithm (see [1,2]) is one of the most hardware efficient algorithms because it only
requires iterative shift-add operations. The CORDIC algorithm eliminates the need for
explicit multipliers, and is suitable for calculating a variety of functions, such as sine,
cosine, arcsine, arccosine, arctangent, vector magnitude, divide, square root, hyperbolic
and logarithmic functions.

You can use the CORDIC rotation computing mode to calculate sine and cosine, and also
polar-to-cartesian conversion operations. In this mode, the vector magnitude and an
angle of rotation are known and the coordinate (X-Y) components are computed after
rotation.

CORDIC Rotation Computation Mode

The CORDIC rotation mode algorithm begins by initializing an angle accumulator with
the desired rotation angle. Next, the rotation decision at each CORDIC iteration is done
in a way that decreases the magnitude of the residual angle accumulator. The rotation
decision is based on the sign of the residual angle in the angle accumulator after each
iteration.

In rotation mode, the CORDIC equations are:

zig1 = & — di * atan(27")

Tiy) = Ti — Yi*di x 27
Yisl =Yi+ Tixd;i 27
where @i = —1if zi < 0 and +1 otherwise;
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i=01,..,N L, and IV is the total number of iterations.

This provides the following result as W approaches +o:
ZN = L]

xy = Anlxpeos zp — gy sin zg)

yn = Axlygcos zp + xgsin z5)

Where:

N=1
Ax H V14 2-2
i=) .

In rotation mode, the CORDIC algorithm is limited to rotation angles between 7/2 and

™2 o support angles outside of that range, the cordiccexp, cordicsincos,
cordicsin, and cordiccos functions use quadrant correction (including possible extra
negation) after the CORDIC iterations are completed.

Understanding the CORDICSINCOS Sine and Cosine Code
Introduction

The cordicsincos function calculates the sine and cosine of input angles in the range
[-2*pi 2*pi) using the CORDIC algorithm. This function takes an angle # (radians) and
the number of iterations as input arguments. The function returns approximations of
sine and cosine.

The CORDIC computation outputs are scaled by the rotator gain. This gain is accounted
for by pre-scaling the initial 1/AN constant value.

Initialization
The cordicsincos function performs the following initialization steps:

*  The angle input look-up table inpLUT is set to atan (2 .~ - (0:N-1)).
* 0 1is set to the ! input argument value.
0 is set to 1/AN,

+ W is set to zero.
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The judicious choice of initial values allows the algorithm to directly compute both sine
and cosine simultaneously. After IV iterations, these initial values lead to the following
outputs as N approaches +o<:

ay == cos(d)

= sin(d)

Shared Fixed-Point and Floating-Point CORDIC Kernel Code

The MATLAB code for the CORDIC algorithm (rotation mode) kernel portion is as
follows (for the case of scalar x, y, and z). This same code is used for both fixed-point and
floating-point operations:

function [x, y, z] = cordic rotation kernel(x, y, z, inpLUT, n)
% Perform CORDIC rotation kernel algorithm for N kernel iterations.
xtmp = x;

ytmp = y;
for idx = 1l:n
if z <0
z(:) = z + 1npLUT (idx) ;
x(:) = x + ytmp;
y(:) =y - xtmp;
else
z(:) = z - inpLUT (idx) ;
x(:) = x - ytmp;
y(:) =y + xtmp;
end
xtmp = bitsra(x, idx); % bit-shift-right for multiply by 27 (-idx)
ytmp = bitsra(y, idx); % bit-shift-right for multiply by 2" (-idx)
end

Visualizing the Sine-Cosine Rotation Mode CORDIC lterations

The CORDIC algorithm is usually run through a specified (constant) number of
iterations since ending the CORDIC iterations early would break pipelined code, and the

CORDIC gain A, would not be constant because n would vary.

For very large values of 11, the CORDIC algorithm is guaranteed to converge, but not
always monotonically. As will be shown in the following example, intermediate iterations
occasionally produce more accurate results than later iterations. You can typically
achieve greater accuracy by increasing the total number of iterations.

Example
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In the following example, iteration 5 provides a better estimate of the result than
iteration 6, and the CORDIC algorithm converges in later iterations.

theta = pi/5; % input angle in radians
niters = 10; % number of iterations
sinTh = sin(theta); % reference result
cosTh = cos(theta); % reference result
y_sin = zeros(niters, 1);
sin _err = zeros(niters, 1);
X _cos = zeros(niters, 1);
cos_err = zeros(niters, 1);
fprintf ("\n\nNITERS \tERROR\n');
fprintf ('-—---- \t===——————- \n'");
for n = l:niters
[y_sin(n), x cos(n)] = cordicsincos(theta, n);
sin err(n) = abs(y sin(n) - sinTh);
cos_err(n) = abs(x _cos(n) - cosTh);
if n < 10
fprintf (' $d \t %1.8f\n', n, cos _err(n));
else
fprintf (' %d \t $1.8f\n', n, cos err(n));
end
end

fprintf ("\n');

NITERS ERROR

.10191021
.13966630
.03464449
.03846157
.00020393
.01776952
.00888037
.00436052
.00208192
.00093798

O W 0 ~J o) U W N
O O O OO OO o oo

=

Plot the CORDIC approximation error on a bar graph

figure(l); clf;
bar (l:niters, cos _err(l:niters));
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Error

3-50

xlabel ('Number of iterations', 'fontsize',12,'fontweight', 'b');

ylabel ('Error', 'fontsize',12, 'fontweight', 'b");

title ('CORDIC approximation error for cos(pi/5) computation',...
'fontsize',12, 'fontweight', 'b");

axis ([0 niters 0 0.147]);

CORDIC approximation error for cos(pi/5) computation
D14‘ T T T T T T T T

012
0.1
0.08
0.06
0.04

0.02

1 2 3 4 5 6 7 8 g9 10
Number of iterations

Plot the X-Y results for 5 iterations

Niter2Draw = 5;

figure(2), clf, hold on

plot(cos(0:0.1:pi/2), sin(0:0.1:pi/2), 'b--"); % semi-circle

for i=1:Niter2Draw
plot ([0 x cos(i)], [0 y sin(i)], 'LineWidth', 2); % CORDIC iteration result
text(x cos(i),y sin(i),int2str (i), 'fontsize',12, 'fontweight','b");
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end

plot (cos(theta), sin(theta), 'r*', 'MarkerSize', 20); % IDEAL result

xlabel ('X (COS)','fontsize',12, 'fontweight', 'b")

ylabel ('Y (SIN)', 'fontsize',12, 'fontweight', 'b")

title ('CORDIC iterations for cos(pi/5) computation', ...
'fontsize',12, 'fontweight', 'b")

axis equal;

axis square;

CORDIC iterations for cos(pi/5) computation
1r P
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